INTRODUCTION
In 1927 van der Waerden [7] proved that for all n there exists a number w(n), defined to be the least positive integer which guarantees that if { 1, 2, . . . . w(n)} is partitioned into two sets, then one of the two sets contains an arithmetic progression of length n. The only known nontrivial values of w(n) are w(3) = 9, w(4)= 35, and w(5)= 178 (see [2, 6] ). All known proofs of van der Waerden's theorem yield such weak upper bounds on w(n) that they are not even primitive recursive functions of n.
In [4, 5] , Landman and Greenwell found reasonable upper bounds, as well as values, on numbers analogous to w(n) by considering a larger class of sequences than the class of arithmetic progressions, namely those generated by iteration of a polynomial functions with integer coefficients. In this paper we examine a class of sequences that still contains the arithmetic progressions but is smaller than those considered in [4, 5 J. After giving an upper bound for the Ramsey function corresponding to these sequences, we show that, under assumptions that are consistent with the known data, the first n -1 terms of an n-term q-sequence contained in (1, 2, . . . . q(n)} form an arithmetic progression. From this last result we 82 0097-3165189 $3.00
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conclude that the existence of a certain upper bound on q(n) implies the existence of a similar bound on w(n).
The following terminology and notation will be used throughout the paper. We denote { 1, 2, . . . . k} by [l, k] . A 2-coloring of [l, k] refers to a function x: [ 1, k] + { 0, 1 }. A set X is monochromatic under a coloring x if x is constant on X. A p,-sequence of length n is a strictly increasing sequence of positive integers (x,, x2, . . . . x,} for which there exists a polynomial f(~)=~;=~ aixi with a,~2 (i=O, 1, . . . . r) and x,+i=f(x,) (j= 1, 2, . ..) n -1). We say f generates {xi, x2, . . . . x,}, and call f a p,-function. A sequence is a p-sequence if it is a p,-sequence for some r. A p,-*-sequence of length n is called a q-sequence if either (i) it is an arithmetic sequence or (ii) a, _ z # 0. The symbol m(n) will denote the least positive integer guaranteeing that if [ 1, a(n)] is 2-colored, then there exists a monochromatic a-sequence of length n, where a-sequence refers to any type of sequence under consideration. Finally, we will define a coloring to be a-valid if the set under consideration contains no monochromatic a-sequences.
BOUNDS
In this section we obtain an upper bound on q(n). The following lemmas and theorem from [4] are needed. LEMMA 1. Let n > 4 and {x1, . . . . x,~ 1 } be a pn-,-sequence generated by the pn _ ,-function f: Then for each nonnegative integer j, {x1, . . . . x, _ 1, IS a pn-,-sequence generated by g(x) = where b,-z = j. All p,, ,-sequences can be obtained from pn _ ,-sequences in this way. LEMMA 2. Zf {x1, . . . . x,} is a pn-2-sequence generated b.y the pn _ ,-function f; then f(x,) < x, + n::: (x,~ _, -xi).
The next theorem shows that this same bound works for q(n). This is significant since q(n) is closer to w(n) than p(n) is. is a monochromatic q-sequence for some k in [ 1, n] . So in either case [ 1, n!(n-2)!'2] contains a monochromatic q-sequence of length n. 1
COMPARISON WITH ARITHMETIC SEQUENCES
In this section we show that unless q(n) is much larger than we expect it to be (according to our values in the next section), the first n -1 terms of an n-term q-sequence contained in [ 1, q(n)] form an arithmetic sequence. We first need the following lemma from [4] . 
It is easily verified that the inequality is true for j= 3, 4, and 5 with n = 7, and for j = 6 with n = 8. Furthermore, it can be shown that if the inequality is true for a given n and j, then it is also true for n + 1 and j. 1 LEMMA 5. Let n>7. If {x1, . . . . x,} is a p-sequence which is not an arithmetic progression, then x, 2 2"-'.
ProoJ We may assume xi = 1 and x2 = 2. Let j be the largest integer such that (xi, . . . . x,> is an arithmetic progression. If j= n -1, then Lemma1impliesx,~n+(n-2)!~2"~1.Ifj<n-1,then{Xi~1,~jrX~+1, xi+ *} is a p,-sequence. It follows from Lemma 1 and 3 that x, > j+ C;=f [ 1 + (j -1 )!I'. Hence, by Lemma 4, we again have x, > 2"-'. THEOREM 3. For n 2 7, if {xl, . . . . x,} is a q-sequence with (x, , . . . . x, _ 1 } not an arithmetic progression, then x, 3 2"-' + nl:f (2'-' -2i-').
Proof: When n = 7, the theorem can be proven by inspection of all q-sequences of length 7. For n > 8, we can assume x1 = 1, x2 = 2. If the sequence is generated by f(x) = 2x, the inequality in the theorem becomes an equality. Otherwise, by Lemma 5, there is a least integer j < n -1 such that xj>2jP1.
If i<j, then ~,~~--x~~2~-~-2~-~. If jbi<n-2, then since xj -xi-i ,2iF~-2i-2=2i- 2 and since {xiP1,x. xifl PI-sequence, but not an arithmetic 'progression, xi+ i -x.;2(x.ixi" p I, I , I , and x,~,-.x~BC;=:_, 2k=2"P2-2i-'. Let f be the p,-,-function which generates {x1, . . . . x,-i}. Then by Lemma5, f(~,~,)>2"-'. Since {xi,...,x,} is a p,-,-sequence but not a pn _ ,-sequence, x, 2 f(x, _ r) + n?;f (x, ~ i -xi) > 2"-' + n;:F (y-2-2i-1).
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If q(n) is less than the expression in Theorem 3, then all q-sequences of length n contained in [ 1, q(n)] are generated by adding k n;:: (x,-I -xi) to the nth term of an arithmetic progression of length n -1, so w(n -1) is also less than this expression. Hence we have the following significant result. COROLLARY 1. If q(n) < 2"-' + nlrf (2,-'-2'-') for all n > 7, then w(n)<2"+n;:j (2"-1-2i-1)N2"2-2"[1+0(1)].
VALUES
Using an algorithm similar to that described in [l, 53, we show in Table I values of q(n).
It was observed in [3] that the known values of w(n) are approximately 
Unknown
Values of q(n) and w(n) equal to (3/2) n!, and in [S] that the known values of p,(n) for r < n are approximately equal to 3(n -l)!. We note here that the values of q(n) are approximately equal to (7/2)(n -l)!.
The value of q(4) took about 5 min using Turbo-Pascal on an IBM-PC, while the value of q(5) took about 5 days.
There is one q(4)-valid coloring of length 20:
01011010100111010001.
There are two thousand five hundred and four q(5)-valid colorings of length 84, which we shall not list here.
